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Abstract 

We describe a method of writing down interacting equations for 
all the modes of the bosonic open string. It is a generalization of the 
loop variable approach that was used earlier for the free, and lowest 
order interacting cases. The generalization involves, as before, the in- 
troduction of a parameter to label the different strings involved in an 
interaction. The interacting string has thus becomes a "band" of finite 
width. The interaction equations expressed in terms of loop variables, 
has a simple invariance that is exact even off shell. A consistent defi- 
nition of space-time fields requires the fields to be functions of all the 
infinite number of gauge coordinates (in addition to space time coor- 
dinates). The theory is formulated in one higher dimension, where the 
modes appear massless. The dimensional reduction that is needed to 
make contact with string theory (which has been discussed earlier for 
the free case) is not discussed here. 



*This is a detailed description of an approach, outlined in a talk at the Puri Workshop 
in 1996, to use loop variables to string interactions. 



1 Introduction 



The loop variable approach introduced in Q (hereafter I) (see also ||) is 
an attempt to write down gauge invariant equations of motion for both 
massive and massless modes. This method being rooted in the sigma model 
approach |], [7], |9], |8|, [jT], 10], the computations are expected to be simpler 



and the gauge transformation laws more transparent. This hope was borne 
out at the free level and also to a certain extent in the interacting case Q ( 
hereafter II). The gauge transformations at the free level can be summarized 
by the equation 

k(t) -» k{t)X(t) (1.0.1) 

Here k(t) is the generalized momentum Fourier-conjugate to X and A is 
the gauge parameter. This clearly has the form of a rescaling and one can 
speculate on the space-time interpretation of the string symmetries as has 
been done for instance in I. 

In II the interacting case was discussed. It was shown that the leading 
interactions could be obtained by the simple trick of introducing an addi- 
tional parameter '<r' as k(t) —* k(t,a), parametrizing different interacting 
strings. Thus, for instance, ki(a±)ki (02) could stand for two massless pho- 
tons when a\ 7^ but when o\ = 02 it would represent a massive "spin 2" 
excitation of one string. The gauge transformations admit a corresponding 
generalization 

k(t,a) ^k(t,a) J dai\(t,ai) (1.0.2) 

It was shown, however that this prescription introduces only the leading 
interaction termsj^j 

In a talk some years ago 0] (hereafter III) we showed that there is a 
natural generalization of this construction to include the full set of interac- 
tions that one expects based on the operator product expansion (OPE) of 
vertex operators. It was shown that this construction gives gauge invariant 
equations. The generalization involves introducing cr-dependence in the X 
coordinates also. Gauge invariance at the level of loop variables is very easy 
to see. What was not clear at the time was whether there was a consistent 
map to space-time fields. Here we show that this is in fact the case. It 
crucially involves keeping a finite cutoff on the world sheet and also making 

1 Our notation, unfortunately, is perverse: The variable t originally used in the free 
theory lies along the string, and a introduced in II labelling as it does the number of 
interaction vertices, parametrizes evolution. 
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the space-time fields a function of x n . Keeping a finite cutoff is required 



when going off shell [19, 21, £2]. In the presence of a finite cutoff there are 
problems with gauge invariance as discussed in [|l3| . It was shown there that 
to lowest order these problems could be resolved by adding a massive mode 
with an appropriate transformation law. It was also speculated that main- 
taining exact gauge invariance would be possible if all the modes are kept. 
This is shown to be true in the present work. We have the full gauge invari- 
ance and it is not violated by a finite cutoff and the construction necessarily 
requires all the modes. 

Another feature that emerges from the present work is that the space- 
time fields have to be functions of the gauge coordinates x n . This is forced 
on us when we require that it be possible to define the gauge transformation 
laws for the space time fields in a consistent way. This does not introduce 
any new physical degrees since these can be gauge fixed. Nevertheless it is 
amusing to note that space-time has effectively become infinite dimensional. 

In order to make precise contact with string theory one has to perform 
another step that we do not discuss in this paper. It involves generalizing 
to the interacting case the dimensional reduction that was done in I (for the 
free case). Given that the basic technique involves calculation of correlators 
of vertex operators on the world sheet we are more or less guaranteed that 
we will reproduce bosonic string amplitudes. What needs to be shown is 
that the dimensional reduction does not violate the gauge invariance. We 
reserve this issue for a future publication [ 15 1 . 

This paper is organized as follows. In section II we give a short review of 
[^] and elaborate on the role of the parameter a. In section III we describe 
the generalization outlined in Q . In section IV we discuss the gauge invari- 
ance of the Loop Variable. Section V contains some examples of equations 
of motion. Section VI discusses how one obtains the gauge transformation 
laws of the space-time fields. Section VII discusses the consistency issue 
and shows why the fields have to be functions of x n . Section VIII contains a 
summary and some concluding remarks. An Appendix contains some details 
of a covariant Taylor expansion. 



2 Review 
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2.1 Free theory 

In I the following expression was the starting point to obtain the equations 
of motion at the free level: 

e A = e fc O E + Sn>0 kn - k ° ^^ + Hn,m>0 k " i "'(s.„fe m ~ 8x^ +m ) S + ifc r l >'n (2.1.1) 

The prescription was to vary w.r.t E and evaluate at E = to get the 
equations of motion. Here, 2E =< Y(z)Y(z) > and Y = J2n a n (n-[y. = 
Y^ n ot n Y n . a n are the modes of the einbein a(t) used in defining the loop 
variable 

g i J c a(t)k(t)d z X(z+t)dt+ik X _ e iJ2 n knYn (2 1 2) 

a(t) = J] «n*" n 

n>0 
n>0 

One can also show easily that Y n = . E is thus a generalization of the 
Liouville mode, and what we have is a generalization of the Weyl invariance 
condition on vertex operators. 

There is an alternative way to obtain the E dependence [12|. This is to 
perform a general conformal transformation on a vertex operator by acting 
on it with e^" using the relation Q[14]: 

— n — m ~\~ Yn A -4- n -4- m — n-f-m piK m Y m 

(2.1.3) 

The anomalous term is K n .K m \~ n - m and the classical term is mK n Y m \_ n+m . 
We will ignore the classical piece: this can be rewritten as a (mass) 2 term, 
which will be reproduced by performing a dimensional reduction, and other 
pieces involving derivatives of E (defined below) that correspond to field re- 
definitions (l|. We can apply Q2.1.3[ ) to the loop variable ( |5.3.31| ) by setting 
K m = T.ri k m-nOLn- Defining 

E = E a p a q \- p - q (2-1.4) 
p,g 

we recover fl2.1.1| ). It is the approach described above that generalizes more 
easily to the interacting case. 

2 This relation is only true to lowest order in A. The exact expression is given in 



4 



The equations thus obtained are invariant under 

k n ► y ] k n — m \ m (2.1.5) 
m 

which is just the mode expansion of (POD . 

That this is an invariance of the equations of motion derived from ( |2.1.1| ) 
follows essentially from the fact that the transformation ( [2.1. 5| ), applied to 
( |2.1.1| ) changes it by a total derivative. 

SA = ^2X n ^-[A] (2.1.6) 

The equations are obtained by the operation -g^A |s=o- Thus consider 
the gauge variation of this: 

5 —A-—5 A 

"gauge £yj — £yj "gauged 

- —A —A 

(5S ™ dx n 

Now ^4 being linear in £ and its derivatives can always be expressed after 
integration by parts as T,B for some B. Thus we have 

= ik Xn ^ B) = Xni ~^r B + ^ B) = 

Thus the equations obtained from ( |2.1.1| ) are invariant. 

The connection between these variables and transformation laws and the 
usual fields and gauge transformations was described in I. Briefly, the fields 
were defined by 

^n,m,...(^o) = < kn^m--- ^ = / [_[ J_ (i& n (iA n ]/c^/c m . , k\ , k,2 , ■■ ., k n , ...A m ...] 

(2-1.7) 

where \1/ is some "string field" that describes a given configuration. 

And the gauge parameters A^'^ TO ,.(&o) were defined by a similar equation 
involving one power of \ p , p = 1,2, and arbitrary numbers of k n , k m .. in 
the integrand. 

However there are some caveats. In proving Q2.1.6| ) one needs to use 
equations such as 

d d 2 d d 3 d 2 d 2 d 

dx\^dx 2 8x2 ^dx\ dx\dx2 ^ dx\dxz dx$ (2-1.8) 
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which follow from the basic definitions |TJ. This implies that equations of 
motion obtained by varying E will not be invariant. To see this consider the 
following expression: 

2( * » )SM + ( * (2.1.9) 

OX\OX2 OX3 Oxf OX2 8x1 

Using ( |2. 1.8| ) we get 

d d 2 d 

which is a total derivative. However if we vary ( |2.1.9| ) w.r.t. E, one gets 

ME ( * + » + + * )f± (2.1.11) 

OX1OX2 OX3 OXf OX2 dxi 



which is not zero. On the other hand if we r ewrite (p.l.SQ as (using (|2.1.8|) ) 



(^-3 - o — ^ — + (—2 - ^ — 2.1.12 

axf ox\OX2 oxf 0x2 dxi 

and vary w.r.t E we get 

d 3 d 2 d 3 d 2 

dx\ dxidxz dx\ J< ~ dx\dx2 ^ (2.1.13) 

which is zero. 

Thus one has to be careful about varying w.r.t E indiscriminately. Let 
us review the solution to this as we will face the same issue in the interacting 
case discussed in the next section. Consider the variation of the exponent 
A ( |2.1.l|) , reproduced below, due to A p : 

The change is 

d 2 d 

X P C^2k n _ p .k —T l + k n - P -k m { 7j- )E+ 

+ ]Tfc m .fc ( )Z + iJ2kn- P Y n ) (2.1.15) 

0x m 0Xp ox m +p n 
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If we assume tracelessness of the gauge parameter so that any term of the 
form X p k n .k m is zero then the second sum in ( |2.1.15| ) vanishes and using 
the fact that the first sum cancels the second term in the last sum we can 
rewrite the variation of A as 

^PftZ~(52 k rn-k ^— £ + ikn-pY n ~ p + ^ k n .k m ( — )£} 

= x *lk A < 2X16 > 

Note that in the first line of this equation we have added a term that vanishes 
by the tracelessness constraint, viz terms involving \ p k n .k m . But it is 
important that we have not used identities of the type given in fl2.1.8| ). 
Thus tracelessness of the gauge parameters ensures the gauge invariance of 
the equations. 

2.2 Interactions 

In II this approach was generalized to include some interactions. The basic 
idea was to introduce a new parameter a : < a < 1 to label different 
strings and to replace each k n in the free equation by Jq 1 do~k n (a) . The next 
step was to assume that 

< k%{<Ti)kl(a 2 ) >= S^S(a t - cr 2 ) + A»A V (2.2.17) 

where < ... > denotes / Dk(a)...^[k(a)], being the"string field" defined 
in 1.0 This corresponds to saying that when o~\ = o" 2 , both the k\s belong to 
the same string and otherwise to different strings where they represent two 
photons at an interaction point j0 The gauge transformation is replaced by 
( jUjjp . This is easily seen to give interacting interacting equations. However 
the fact is that this is only a leading term in the infinite set of interaction 
vertices. 

As a prelude to generalizing this construction, let us explain more pre- 
cisely the nature of the replacement k n — > Jq 1 dak n {o~). Let us split the 
interval (0,1) into N bits of width a = jj. We will assume that when a 

3 No special property of j/ is assumed other than this. 

4 It will be seen that (2.2.17)has to be generalized by replacing the 5-function on the 



RHS by something else, when we attempt to reproduce string amplitudes JLS[[ . However 
in this paper we will not do so. 
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satisfies -ft < a < it represents the [n + l)th string. Let us also define 
a function 

D(a\, a 2 ) = 1 if fi) o"2 belong to the same interval 

= if a± ,a 2 belong to different intervals. (2.2.18) 

Thus Jo daiL>(cricr 2 ) = a = Jq 1 do\ f da 2 D(a\a 2 ). 
Then we set 

< k fl (ai)k u (a 2 ) >= D ( ai > a ^ S^ + A»A V (2.2.19) 

a 

In the limit N —* 00, a — > 0, ■ p ( (T i' ' 2 ) ~ J( - 1 _ ug) anc l we recover ( |2.2,17| ). 
In effect ( 2.1.1 ) has been modified to 

Jo Jo d^^^^+kni^M**)^ 

(2.2.20) 

The final step (which is also necessary in the free case), is to dimensionally 
reduce to obtain the massive equations. For details we refer the reader to I. 

The modification ( [2.2.171 ), that replaces S» v by + A»A U can be 
understood in terms of the OPE. Consider a correlation function involving 
two vector vertex operators and any other set of operators, that we represent 
as 

A =< V X V 2 ...V N : k^dzX^e^^ : q v 1 d w X v e iqoY > (2.2.21) 

The OPE of : k^d z X^(z)e i I k ° Y : and : q\d w X v \w)e iq ° Y : 
is given by 

: k^d z X^ l (z)e i I koY :: q\d w X l '{w)e iqoY : = 

: k^q v l d z X^d w X v e i{koX ^ z)+qoX{ - w)) : + terms involving contractions. 

(2.2.22) 

We can Taylor expand 

X(w) = X{z) + (w- z)d z X + 0(w -z) + ... (2.2.23) 
This gives for the leading term in ( |2.2.21| ) 

A =< ViV 2 ...V N : k1q v 1 d z X^d z X v e^ koX ^ qoX ^ :> (2.2.24) 
Compare this with the correlation involving S^: 

A' =< V!V 2 ...V N : k^k»d z XL l d z X u e l J koY :> (2.2.25) 
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We see that A and A' give identical terms except that is replaced 
by A^A V . It is in this sense that the substitution given in II, gives the 
leading term in the OPE. The crucial point is that, while in (2.2.20) we 
have introduced the parameter a in the k n 's we have not done so for the 
Y^s. This is equivalent to approximating X(w) by X{z) in (2.2.23). Clearly, 
the generalization required to get all the terms is to introduce the parameter 
a in Y also. We turn to this in the next section. 



3 Interactions 

3.1 Introducing a-dependence in the loop variable 

We will introduce the parameter a in all the variables keeping in mind 
the basic motivation that a labels different vertex operators. Thus all the 
variables that are required to define a vertex operator become a dependent. 
Thus 

X»(z) - X*{z{a)) (3.1.1) 
x n -> x n (a) (3.1.2) 

in addition to 

K - Ki?) (3-1-3) 



The a-dependence of x n in eqn. 3.1.2; is only an intermediate step. At the 



end of the day (but before any integration by parts is done) we will set all 
the x n 's to be the same. One can think of this merely as a device for keeping 
track of which term is being differentiated. 
( gXp and ( pX2D imply that 



9 ^ - t-TT^^W^W) (3-i- 4 ) 



dx n dx n (a) 

Note that X need not be an explicit function of a since at a given location 
z, on the world sheet there can only be one X(z). As an example of the 
above consider the case when we have regions (0, 1/2) and (1/2, 1). When 
< a < 1/2 one has z(a) = z and for 1/2 < a < 1 one has z(a) = w. 
Similarly x n (a) could be called x n ,y n in the two regions and k n (a) could 
be called k n ,p n in the two regions. Thus in this example the vertex op- 
erator k n (a)Y n (z(a),x n {a))e iko ^ Y ^ stands for k n ^(z,x t )e ik ° Y( - z ' x ^ and 
p n §^(w,yi)e m,Y ( w ' ynSl in the two regions. 
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Now we have to clarify what we mean by a derivative w.r.t x n (a): In 

: One has to specify the meaning of gl-TT^n ■ 

dx n (a) _ 
dx n (cr') ~ 



Clearly what we want is: If a, a' belong to the same interval, then 9xn ^ 
1 and zero otherwise. Thus using ( |2.2.18| ) 

dx n (a) 



dx n (a') 

or more generally 



D{a,a') (3.1.5) 



p^l = 5 nm D(a,a>) (3.1.6) 

Note that this is not the same as the conventional functional derivative. 
However we can define 

^ D(a,a>) 
dx n (a ) a 

which, in the limit a — > becomes the usual functional derivative. Thus 

<*«£UJ™ (3.1.8) 
We can now write down the generalization of ( |2.1.1| ) 

exp{ J J daida2{ko(ai) .k ((J2)[t(ai, a 2 ) + G(ai,a 2 )] 

+ J J da 3 da4, ^ k n (a 1 ).k m (a 2 ) 

n,m>0 

1 6^ 6 

5(<7l-<7 2 )- r] [£(<7 3 , Oi) +G(a 3 , <T4)]}} 



2 fe n (cri)fe m (a 2 ) ' fe n+m (cri) 

ex;p{i / dak n (a)Y n (a)} (3.1.9) 
For convenience of notation have assumed the following: 
Sa n (ai) D(ai-a 2 ) 



Sx (a 2 ) 



-a n {(Ji) 



This saves us the trouble of writing separately the case n = in the sum in 
(|T|). 

In ( gXp G(ai,a 2 ) = G(z((7i),z((72)) =< r(z((7i))y(z((72)) > is the 
Green function which starts out as ln{z\ — z 2 ). We have suppressed the 
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Lorentz indices. One might expect by Lorentz invariance G^ v = S^ U G. 
However in I it was seen that the D + 1th coordinate has a special role 
and is like the ghost coordinate of bosonic string theory. So there is no 
reason to expect the full SO(D + 1) invariance. In fact |l5| we will have to 
assume some specific properties for Q D + 1 > D + 1 i n order to reproduce string 
amplitudes. 

More precisely, if we define: [Using the notation z% = z(ai)} 

D Z1 = D z(ai) = 1 + «i(-i)^y + «2^y + - (3-1-10) 



so that 
then, 

where 



Y(z(a)) = D z{a) X(z(a)) (3.1.11) 

G( Zl ,z 2 ) = D zl D Z2 G(z u z 2 ) (3.1.12) 
S(cri, er 2 ) = D Zl D Z2 p(ai, a 2 ) (3.1.13) 

P 0-1,0-2) = 1—, - ( — ; (3.1.14) 

z[ai) - z(a 2 ) 

is the generalization of the usual Liouville mode p(a) which is equal to 
The £ dependence in ( 3.1.9| ) is obtained by the following step: 

e -\ ^ du\(u)[d z X{z+u)]^. e ik n ^D zl X e i Pm ^D Z2 X (3.1.15) 

defines the action of the Virasoro generators on the two sets of vertex oper- 
ators. 

= e iku.p m d Xn dy m D zl D Z2 § du^^lj^-^] (3.1.16) 
_ e ik n .p m d Xn dy m Y, (3.1.17) 

This expression is only valid to lowest order in A which is all we need here.f]. 
The expression 

1 6^ 5 
d<y\da 2 -[- — - — ^ — T~6{ai-a 2 ) 1 -. — r][£(<7 3 , cr 4 )+G(a 3 , a A )) 

2 fe n (<ri)(5x m (o-2) 6x n+m {ai) 

(3.1.18) 



3 The exact expression is given in 
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can easily be seen to be equal to 

d 2 



dx n (a 3 )dx m (a 3 ) 



S(a 3 ,a 4 ) (3.1.19) 



In the limit a 3 = a 4 = a this is just equal to 1/2 [ ^ 
and reduces to the free field case described by fl2.2.20| ) (provided the limit is 
taken after differentiation). 

Let us show that the gauge transformation ( 1.0.2 ) changes ( 3.1.9| ) by a 
total derivative 

5 



6A= [ da'X(a') f da- — --A (3.1.20) 
J J dx n (a) 



4 Invariance of the Loop Variable 

Our starting point is the loop variable e A given by: 

e i{Jdak (a)Y(a)+ij: n>0 k n (a)^} 
J J d* 1 d ffa {k o (<n)k o (ff a )\E+&\(*i0 t )+CE n>o *n(oi ).fco fa ) 9[t+ d xlt\ f 2 } + g i ) } 



J j fclfc2(E„ >0 fcn(<Tl).fc m (ff2) Lf(t^ll?2) } (4.0.1) 

Under a gauge transformation: 



k n ((Ti) -> J da\ p (a)k n -p(ai) (4.0.2) 
Let us consider p = 1. 

h (<ri ).ko (a 2 ) . . [S+G] {a x , a 2 ) -» / daAi(a)fco(ai).fc (a 2 ) [E+G](<ri,<r 2 ) 

OXl((Ji) J OTi(fJl) 

(4.0.3) 

fc (<Tl)./cl(<T2)^ p r E+G (<7l,<7 2 ) -> / ddAl (fj) fc (^1 ) -^0 (^2) 7^ 7 [S + G] (fJl , £J 2 ) 

OXl ((Ji) 7 Ctel(fT 2 ) 

(4.0.4) 

Adding the two we get: 

( daX 1 (a)[-^ + —^—]k (a 1 ).k ^2)[t + G](a 1 ,a 2 ) (4.0.5) 
J ox\(ai) oxi[a 2 ) 



12 



Similarly, 

k 2 (a 1 ).k (a 2 ) [£+G](oi, er 2 ) -> J daX 1 (a)k 1 (a 1 ).ko(a 2 ) -^^-^ [E+G](ai, cr 2 ) 

(4.0.6) 

a . _ /■ a _ 

A; ((7i).A;2((72)- — 7 — r £+G (01, cr 2 ) -> / da\ 1 (a)k (a 1 ).k 1 (a 2 )^ — -. — r S+G (ai, <r 2 ) 
dx 2 (cr 2 ) 7 Cx 2 ((j 2 ) 

(4.0.7) 

^[S + G]( f 7 1 ,<7 2 ) /■, w w . , , , , , . , ,.a 2 [S + G]((Tl,(T 2 ) 



dxi(ax)dxi(a 2 ) J ' ' dxi(ai)dxi(a 2 ) 

(4.0.8) 

Adding we get, 

/d d d 

d<rXi(a){[ + J fci(ai).fe (a 2 ) [E + G] + 

oxi(ai) oxi(cr 2 ) oxi(cri) 

<j + »r^]^(^)-fe(^) «r4rr[s + G]} (4.0.9) 



9xi((Ti) 3xi(cr 2 ) ' dxi(a 2 ) 

(4.0.10) 

Now consider 



fc 2 (a 1 ).fc 1 (a 2 ) , + fci(ai).fa(a 2 ) ^j"^ , (4-0.11) 

ax 2 (<ri)axi(cr 2 ) axi(cri)^x 2 (cr 2 ) 



/d 2 [S + Gl /■ <9 2 IE + Gl 



(a l )dx 2 (a 2 ) 
(4.0.12) 



+ jdb*-<" w « ^te' (4 - ai3> 
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From the above it is clear that we get the following: 

On setting x n (oi) = x n (cr 2 ) = x n we get 

5A = \ 1 (a)^-A (4.0.15) 
ox i 

Thus to lowest order in Ai, e A changes by a total derivative in x\. This 
is obviously true for \, p also. 

Thus the equations obtained by varying w.r.t E(z(<7i), 2(02), x n (ai), x n (<r 2 )) 
are invariant. However E is not a local field on the world sheet. A has terms 
of the form [-£g^T,(w, z,x,y)} \ x=y ^ ^z[T,(w, z, x, y) \ x=y \. Thus A cannot 
be expressed in terms of x n -derivatives of a field. We would have to use both 
x n and Y n . But we cannot integrate by parts on both x n ,y n - there is no such 
gauge invariance. So we first Taylor expand it in powers of 2(02) — z(a±) the 
coefficients of which are derivatives of a local field T,(z,x) = T,(z,x,y) \ x =y, 
where T,(v,x,y) = T,(v,v,x,y). Below we have used the letter v to denote 
and x(<7i) = x,x{a 2 ) = y. 

E(<7i, <7 2 ) = + oDi(i, y)E(v) + a 2 £> 2 (:c, + - (4.0.16) 

(2^ -\ . ^ t^X] ^ <9X] . ^ "V Q f Q <9^X] - 

Dfe and 7 are defined in the Appendix. Very explicitly, the first few 
terms of the Taylor expansion are : 

w \ ^ / \ r as as ,y\ N as ,x\ JS, 

N ^ / 

£>i(x,2/) 

a 2 as as „ a 2 s as as ^x 2 , a 2 s „ /2 , 2 , a 2 s . 

2 dx 2 ay 2 oxidyi dx 3 dy 3 2 ox^ayi 2 oy 3 dxi 

V v ' 

D 2 (x,y) 

(4.0.18) 
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Once you Taylor expand S we have the following problem that we en- 
counter also in the free case. The problem is that when the gauge variation 
does not produce ko we need constraints: 

l. l, r dY. d 2 S ^ 

K2-K1 o — o « — Ai/Ci.fcih — a a — 

OX2OX1 OX3 OX2OX1 OX3 

The last equation is not an identity and follows only because certain con- 
straints are obeyed by S. This in turn requires the imposition of the con- 
straints on the gauge parameters - Xik±.ki = 0. 

This problem is not there for the A2 variation as can be seen in the 
following: 

d 2 s as r d 2 s as 

«2-«l 7 — 5 7, — -> A2K0.K1 k — K a — 

OX2OX1 OX3 OX 2 OXi OX3 

k3.ko <9S \2k1.ko <9S 

2 <9x 3 ~* 2 9x3" 

They add up to: 

. , . <9 2 s a ^.fco as. 

0x20x1 0x2 2 axi 

For the above argument to go through in the interacting case we need 
the following property for the Taylor expansion coefficients: 

———[D k (x,y)n = ^ [D k (x,y)n (4.0.20) 

ux Ti ux V fi uXyi-\-rn 

(and the same obviously for Y n ). It is demonstrated in the Appendix that 
this is in fact true. 

Thus in general consider: 

k n {(Ti)-km{(T2)[—K — o J |x=j/ +k n+m (a2)-ko{a 1 ) [ — J \ x=y 

OX n Oy m Oy-n+m 

(4.0.21) 

-> / dG\ n {a)kQ{Gi).k m {(T2)[— 7 — 7, J |x =l / + / daX n {a)k r n{a2).ko(ai)[ — J \ x=y 

(4.0.22) 
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= f daX n ^)k ( < T 1 ).k m (a 2 )[(^- + | (4.0.23) 

J dx n dy n dy m 

= I dWXM^MaJ.krnfa) 90 ^*'^ \ x=y ] (4.0.24) 
J dx n dy m 

Similarly, 

K n (o-2)-K m (<Ti)[— — J \ x=y +k n+m {a 1 ).ko{^2)[— * J \x=y 

dx m dy n ox n + m 

(4.0.25) 

-> y dq-A ra (o-)fco(o- 2 ).fc m (cri)[ — — J | X=J/ + J do-A ra (cr)fc m (cri).fco(o- 2 )[ — J u , ,, 

(4.0.26) 

= / daA n (a)M)(<7 2 ).M*i)[(/- + JL) dDk ( x >y^ ] \ x=y (4.0.27) 
7 <9x n <9y n <9x m 

= J d( <y )A n (<7)^-[^( < 7 2 ).fc m ( ( 7i) ^^^ | x=y ] (4.0.28) 

Adding the two we find that the A n variation is a total derivative in x n 
of A even after Taylor expanding. 

Similarly the tracelessness constraint of the free theory generalizes to 

< J d(a)X p (a)[k n (a 1 ).k m (a 2 )}....>=0 (4.0.29) 

in the equation of motion. All the above guarantees that the variation of 
e A is a total derivative and therefore the equations of motion obtained by 
varying w.r.t S are invariant. 

5 Examples 

5.1 Vector k\ Contribution to 

Our starting point is e A given by 

e i{J dak {a)Y{a)+i £ n>0 M")f£$} 
g / / *rid(7a{*o(<Ti)fco(<Ja)[f:+G](«Ti 1 <r2)+(X)„>o fc«(^i)-feo(^2)^^ip) +CT1 „ CT2 )} 

e / / ^'^C^o fc n (a 1 ).fc m (<x 2 ) ggigjagaj } (5.1.1) 
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We keep terms with one k\ only. There are three terms that contribute. 



; JfcoK).fcoK)[S+G] fci((7i) ^ o((T2) 9 p + ^ e i/fc y + Jfc (a 5 ).fc (a 6 )[S+G] i /■ ^gi/fcoy 

axi(cri) 7 

(5.1.2) 

In leading order we have: 

d ~ as ias 



£ = £ = £ (5.1.3) 

We get 

fci^i).fc (a 2 )^e J / fcoy +A: 1 (a 2 ).A : o(a 1 )^- e J / fcoy +A : o( f T 1 ).fco(a 2 )H | fc^e*/*^ 

(5.1.4) 

which on setting x n — y n becomes 

= k 1 (a 1 )M^) + k 1 (a 2 ).k (a 1 )]d^ eiIkoY + k f 
2 oxi J 

(5.1.5) 

Setting i of this expression to zero we get the equation (we can set all the 
a 's to be equal) 

- fei^i)^^^" + kaiaJMviXYf = (5.1.6) 

Converting to space-time fields the coefficient of Yf 1 is: 

= -d^VA* + d^A" = dyF" = (5.1.7) 

which is Maxwell's equation. ( 5,1.6j ) is clearly invariant under ki(ai) — > 
ki(cri) + J da\i(a)ko(ai), which in terms of space-time fields is — ► + 

5.2 kiki and /c 2 Contribution to Yj 1 

(i) 

1 9 

^{fci(ai).fe (a 2 ) ^ [S + G] + (Ji <-» a,} 

{fci(a 3 ).fco(a 4 ) - ^ [S + G]+a 3 ^a 4 }e/ fco(f75) - fco( ' T6) P +(5] e t / fcoy (5.2.8) 
Cxi(cr 3 ) 
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(ii) 

fc 1 (a 1 ).fc 1 (a 2 ) ^ 7 t^^ e Jfeo(^)-feo(. 6 )F + G] e i/ fc oY (52 . 9) 

0Xl(<7i)dxi(<7 2 ) 

(iii) 

Jk (a B )M^e)[UG] {ki ^ i y ko ^_9 ^ + & ^ j ^y^i J k Y 

OX\((Ji) J 

(5.2.10) 

Let us consider each in turn: 

(i) 

Using the leading order expressions given in fl5.1.3|) we get 

2 x j. e jM.)i,( ff a^ l(ffl)ioh) 5 2fcl(ff3)io(ff4) ^(^4) le , /fco y 
2! oti 0x1(0-3) 

(5.2.11) 

Varying w.r.t £ gives 
= _ 2 jMU^). fc oK)[G^ l(ai) ^ o(a2)fcl(a3) . fco(a4) ^|^, j 

(5.2.12) 

Now we have to consider all possible contractions of the fc n 's. In order 
to keep track of the possibilities we separate them into two cases: those 
involving only one point on the world sheet (i.e. only one vertex operator) 
and those involving two distinct points (two vertex operators). 
One Vertex Operator 

In the first case we have to be careful about regularizing. Let us refer 
to the point as a a with z{oa) = z as the location of the vertex operator. 
When there is a need for regularizing we will let be the second point 
with z(ub) — z(<ja) = €■ We now let the various Oi be equal to a a or ob 
in all possible combinations, but we divide by 2 since these are actually the 
same point. 

Following this procedure we see that regularization is required for 173, 04 
when they stand for the same point (and also for 05 , a% , which we ignore for 
the moment). Thus we can let 

03 = cta, 04 = OB 
and o"i, (7 2 can be anything. This gives 

- 2kx(<JA)-k)(aA)ki((JA)-ka{oB) (5.2.13) 

ZA - Zb 
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Now we let za — > z B and a a — > &B and use: 

< k»{a A )kt(a A ) >=< k^{a A )k v l {a B ) >= S^(k ) (5.2.14) 
This gives 

2*S^ /lq /lq — . (5.2.15) 

The other possibility is 

0"3 = (Tb, cr 4 = (T^ 
and again a\,a2 can be anything, which gives 

- 2k 1 (aA).ko(aA)k 1 (a B )-ko((TA) (5.2.16) 

zb - za 

Using ( jT2l3 ) 

gives 

2S^A#A;^ (5.2.17) 

Adding the two ( Q5.2.15Q and (|5.2.17|) ) we get zero. 
Two Vertex Operators 

Now we go to the second possibility viz. there are two distinct points. 
Let us call them 07 and an and let z(aj) = z and z(ajj) = w. Thus we can 
have a)(Ti = 07 and 03 = an or b) vice versa. 

Consider a): 

First we consider the case that does not require regularization. 
Non-singular Case 

- 2k 1 {a I ).k {^)h{an).k {^) ( 5 - 2 - 18 ) 

w — z\a<±) 

Let a 4 = a 1 and a 2 = 07 or an 

We now use the notation ko(aj) = p and ko(an) = q. Thus 

< fcftaj) >= A"(p) 

< fcfto-jj) >= A»(q) (5.2.19) 
and we get as contribution to the equation of motion: 

fdz f dwA^(p){p + qVA u (q)p u ^— (5.2.20) 
J J w — z 

We have explicitly written out the integrals over z and w to emphasize the 
symmetry. Thus by antisymmetry of the integrand in z, w this is zero. 
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Singular Case 

If we let o"4 = an (and 02 = 07 or an) we have to regularize. So we 
split an into a a and (jg as before. Again either 

°3 = o"A 04 = as 

which gives 



and using ( [5.2. 1S| ) 



2k l {a I ).ko{^2)ki{a A )M^B) (5.2.21) 



A»(p)(p + qyA»{q)q»{—) (5.2.22) 

e 



or 

03 = &b o,nd (T4 = <ta 

which gives 



and using ( [5.2. 1S| ) 



2k 1 (a I ).k ^2)ki(a B ).k M (5-2.23) 

w B - wa 



A»{p){p + qyA v {q)q u { — ) (5.2.24) 

e 



Adding the two contributions again gives zero. 

We have also to look at possibility b) which was a\ = an and 03 = an 
Analogous to ( 5.2.20| ) one gets 

[dz [ dwA^{q)(p + qYA u {p)p u —^— (5.2.25) 
J J z — w 

Note that this is (upto a sign) ( |5.2.2C| ) with the labels p, q interchanged. 
But p, q being integration variables we get back ( |5.2.2q ) but the overall 
sign being opposite, they cancel. The integration J J dzdw also ensures the 
vanishing of each term , viz (|5.2.20[) and (|5.2.25|) , individually. This is also 
as it should be since interchanging z with w is equivalent to interchanging 
momenta. 

(") 

fcl(<ri)-fci(<T2) „ d^'^ e Iko(^)M-e)[G\ e iJk Y (5 _ 2 _ 26) 
dxi(ai)dxi(a2) 
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Use 

d 2 t(a u a 2 ) _ d 2 t | 
dxi(ai)dxi(a2) dx\dyi 

On setting x n = y n , 



n(^Z2 - —) + - (5-2-27) 



1 d 2 E 9E 

Only the first term can give, on integration by parts, a contribution to 



(5.2.28) 

G(a 7 , a 8 ) = ln\z(a 7 ) - z(a 8 )\+ Ql - ^ + ... (5.2.29) 

z(cr 7 ) - z(cr 8 ) z((J 7 ) - z{<J 8 ) 

So 

— — = + higher order in x n 

OX\ 

We do not get any contribution, 
(iii) 

e /fcoK).fco(a 6 )[G] A , i((Ji)i;o((72) 9t +ai ^ a2 + t ^£ (5 _ 2 _ 30) 

dxi(cri) 

Using = the leading order contribution is zero. 

Thus combining (i),(ii) and (iii) we conclude that there are no corrections 
to d^ u = to this order. 

5.3 kiki,k 2 Contributions to Y 2 

We start with, as usual, e A given by 

e i { f d „k (a)Y(a) + iJ2 n>0 k n (*)^} 
J J d CT1 da 2 {M,( CT l)fco(a 2 )[S+G](a 1 , ff2 ) + (^ n>0 fe4a 1 ).M.( CT 2)^%^^+ai- ( T 2 )} 

J J ^i^ 2 {E„, m >„ M^O-Moa) l^nfeiT^ } (5.3.31) 

Pick out the terms that contribute to Y% involving k\k\ and k 2 . 
There are four terms: 
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(0 



e/fa^M^^^),^^) d f +ai <_> a2 }i f fc 1 y ie < / fc ° y (5.3.32) 

OX\((Ji) J 

(ii) 



; /fco(^).fco( CT 4)[G]{ fc2(tTi) , fco ( a2 ) 9S +gl <_> ff2 y/*o y (5.3.33) 

OX2{Oi) 



(iii) 



9xi(o-i)5xi(cr 2 ) 



(5.3.34) 



(iv) 

J k (a 3 ).k (^)[G+n i J k2 Y 2 jJi°oY (5.3.35) 
We expand E using ( |5.1.3| ) and vary w.r.t. E: 

(i) 

e /fcoM.fco(«)[G]{j fel ( <Tl ).jfe ( (T2 )^. + (Tl< _ >(T2 } i / fc^/^ 

<9£ 



3 /^o(-3).fcoM[G] A , i((7i) jto((J2) ^. / fcl(CT) y ie ^^ 

OTi J 



^ gives: 



JfeoM.fco^)^]^^)^^)- /" kl ^)Y 2 e^ koY (5.3.36) 



We have to make contractions of the k n 's. Let z(a\) = z and assign 
the momentum p to this point. Let z(a) = w and assign momentum q. 
Now o"2 = o"i or o"2 = o" are two possibilities and for each of these we can 
have o"3 = o\ , o± = a or 03 = a , 04 = a\. None of the above need 
regularization. We can also include the following two possibilities that need 
a regulator:^ = (74 = a or 03 = (74 = o\ . For these cases we will let a a and 
(Jb be the "point splitting" of a . Thus (03 = a a and 174 = as) or ((73 = ob 
and <74 = ovi ). We will weight these with a factor of 1/2. This gives q 2 In e. 
Similarly point splitting o\ gives p 2 In e. Putting all the above together and 
using ( |5.2.19|) we get: 

- A(p).(p + q)iA»(q)\z - w\ 2 ^ q (e) p2+q2 Y^e i ^ Y (5.3.37) 
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If we multiply and divide by e 2p ' q this becomes 

- A(p).(p + q)iA^(q)\!—^\ 2 ' M (e) ip+q)2 Y£e i{p+q)Y (5.3.38) 



Interchanging the role of a and a\ i.e. setting z{a\) = w and z{a) = z, we 
get the same expression with p, q interchanged. Since these are just dummy 
variables we can combine the two if we allow both p and q to vary over the 
full range of values. 



A(p).(p + q )iA^q)\^-^\ 2p - q (e) {p+q)2 Y^e i{p+q)Y (5.3.39) 



However 

There is also the possibility that a = a\. In this case we point split and 
let a = a a , o\ = cjb or vice versa (with weight 1/2 to each). Then using 
( I5.2.14Q we get 

- S^iY^e^ koY {e) k ' Z (5.3.40) 



(ii) 



e /M^)-M*6)[3{ fe2 ( g ).fo( g2 ) 9S - + <7l <-> (tz}^/* *" (5.3.41) 

dx 2 (c7i) 

Using the approximations: 

d ~ . , as i <9s 

-S(<71,<7 2 ) « = 



A s ives 



(iii) 



dxi{p\) dx2 2 dx2 

E«E = S (5.3.42) 

eJ k ^ Yk ^^ G h 2 (a 1 ).ko(^2)-^—e i J k ° Y (5.3.43) 

<9x 2 

3 /*o(^)-*o(«)[^A;2(a 1 ).jfeo(<T2)«fcff*2 t e i / fc,>y (5.3.44) 

= -(e) k2 S 2 (k ).k ik%Yf (5.3.45) 



3 J*o(^)-*o(^)[^lfe 1 ((7i).fei( < 7 2 ) - . 9 . | . . (5.3.46) 
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d 2 t i,a 2 s as, . . 



5xi((Ji)3xi((J2) 2 <9x^ 9x2' 

= el^-^^k^.hi^)-^ ~ |^)e l / fc » y (5.3.48) 

2 axf 0x2 

= e/ A;o{,T5) - A;o(<T6)[G1 A : i(ai).fci((72)iA;oy2e^ fcoy (5.3.49) 

Following the procedures described earlier this gives (when a^): 

( e )(p+?) 2 1 Z^E. \ 2 P-iA(p).A{q)i(p + qYYgj S koY (5.3.50) 

Both p and q are integrated over the entire range. 

When (j\ = o"2 one has to point split and this gives: 

-(ef°iS%(k )Yfe l J koY (5.3.51) 

(iv) 

= e /fco(a 5 ).fc (<x6)P+G] ik v Y £ (5.3.52) 
Using £ ~ £ and varying w.r.t.S gives 

= e/ fco(<T5) - fco(,76) ^ 1 A;o(CTi).fco(CT2)iA; 2 ;y 2 ' 1 e i / fcoy (5.3.53) 

= -(e) fc oA;2^(feo)l^e^ fcoY (5.3.54) 

We can also check that the equations are invariant at the loop variable 
level: 

5(i) = -A 1 (a)A;o(CT 1 ).A;o(^2)^iy2e^ feoY e/ feo(<T5) - fco{,76)[ ^ (5.3.55) 

-A 1 (a)A: 1 ( CTl ).A;o^2)^oy2e^ fcoY e/ fco(<T5) - fco(,76)[ ^ 
S(ii) = -Ai (<r) fci(<7i).jfcd (<7 2 )«fco ^e^^yg/fcoK).^^)^] ( 5 .3. 56 ) 

-A 2 (a)fc (ai).A;o^2)^oy2e^ fcoY e/ fco(<T5) - feo(,T6)[ ^ 
<5(m) = 2Ai(c7)A: 1 (ai).fco( CT 2)^oy2e^ fcoY e/ A;o(,T5) - fco(CT6)[61 (5.3.57) 
$(t V ) = Ai(a)fco(^i).fc (a2)ifciy2e^ fcoY e/ feo(,75) - feo(<T6)[ ^ (5.3.58) 
+A 2 (^)fc ^i).A;o(^2)^o^e l / fcoY e/ fco ( CT5 )- feo (' 76 )[ (5 ] 

Clearly the variations add up to zero. In Section 6 we will discuss the 
gauge transformation law for space-time fields. 
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5.4 kikiki,k2ki,ks Contribution to Yf 1 

There are many terms that contribute. We will consider only the following 
term to illustrate the technique being used. 

w 

1 - f)Y 

ko(a 7 ).k (-s)G [ki{ai)M(T2) ^_^ + ai „ a2] 

21 oxi{ai) 

dG dG f 

[k 1 (a 3 ).ko(a4) g x ^ ^ +a 3 <-> c^piO^-M^) ^ ^ ^ +o"5 <-> o"6K*' k ° ¥ = 0. 

(5.4.59) 

We start with contractions that do not involve any regularization ("non 
singular case" ) . We will treat the cases that require regularization ( "singular 
case") separately. In each case depending on the number of distinct points 
we have different contributions. 

Non Singular Case: 
Three Vertex Operators: 

We first consider contractions involving three distinct verex operators. 
Let us designate aj, on and am as the labels of the vertex operators with 
locations z(aj) = u, z(au) = w, z(aiu) = z and momenta p, q and k respec- 
tively being associated with these vertex operators. 

We use the approximation that £ « S as before and integrate by parts 
on x\ to get: 

1 - FTP 

k {a 7 ).ko(<rs)G [ki{ai)M(T2) ^^ + „ ] 

2! ox\{a\) 

dG dG r 

i k i( a ^)M^) dxi ^ +^3 <-» a 4 ][fci(c75).fco((J 6 ) ^^^ +a 5 «-► atiljJ k,Y 

(5.4.60) 

1 - BC 1 

= -^e fco ^)- fco ^) G fc 1 (a 1 ).fc ((7 2 )[fe 1 (c73).A:o(a4) 7r — - + <x 3 <-> <r 4 ] 
2! 0x1(0-3) 

r^r* r 

[fci(a 5 ).fco(a 6 )^-^-y + 05 <-> (T 6 ]ik Y 1 e i J k ° Y (5.4.61) 

Let us first consider contractions that do not involve regularization. Thus 
consider the assignments 

p <-> z (ai) = u ai = a 1 a 2 = 07, a H , a HI 
q <-> z(a n ) =w a 3 = a n a 4 = ai, a hi 
k <-> z(a HI ) = z a 5 = a in cr 6 = 07, a u (5.4.62) 
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This gives (using ( 5.2. 19| ) 

i z ~ w \2k.q\ w ~ ' u ' |2p.g| z ~ w |2p.fc / \ (p+q+k) 2 
€ € € 

A{p).(p + q + k) + + ^]i(p + g + fc^Y/V ^ 

w—u w — z z—u z—w 

(5.4.63) 

Two Vertex Operators 

Now we come to the case where there are two vertex operators. The 
assignment that does not need regularization is: 
(I) 

p <-> z(erj) =io cri=fj/ o- 2 = 07, 07/ 

cr 3 = oi a 4 = 07/ 
q <-» 21(07/) = 21 o- 5 = 07/ a 6 = 07 (5.4.64) 

This gives: 

\^^\ 2p - q U)^ 2 S^\{v){p + qYq u —^— Af>(q)jf—!—i(p + q) a Yfe i( P+<i) Y 
e ' w—z z—w 

(5.4.65) 

The other possible assignment is: 
(II) 

P <-> 21(07) =10 0-1=0-/ <7 2 = O-/, a// 

g «-> 21(07/) = 2 o- 3 = 07/ 0-4 = 07 

0-5 = cr// cr 6 = cr/ (5.4.66) 

which gives 

(w — z) 



(5.4.67) 
Singular Cases: 
Three Vertex Operators: 

We now consider assignments that require regularization. For the three 
vertex operator case we have: 

p <-> z(erj) = u 0-1 = 0-/ 0-2 = cr/, cr//, cr/// 
Cj <-> z(cr//) = w a 3 = a HA cr 4 = o-// s , 

fe <-> z(a n i) = z 0-5 = cr/// cr 6 = o-/, cr// (5.4.68) 
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Z — W ,ou „,W — U l9 „ „, Z — W 



2k.q\^ Z|2p-9|I _|2p 



k (e) (p+^k? ^ {ai)+kQ ( an)+ko {ain)] 



] ki{a A ).kQ{a B ) + k 1 (a B ).k (a A ) ^ k 1 (a III .k (a I ) + fci(0m.fcp(0j) , 
wa — wb wb — wa z — u z — w 

v ' 

=0 

(5.4.69) 

We have used a a = &n A and °B = &n B - ^ n the limit a a — > ct_b, 
< ki(aA) >=< ki((TB) >= A(q) and < ko(<JA) >=< k^as) >= q which is 
why the expression in square brackets vanishes. 
Two Vertex Operators: 

We turn to the case with two vertex operators. 

(I) 

p <-> z(ai) = w (Ti = oi A a 2 = 0/, an 

0"3 = c/ s °a = &i A 
q <-> z(a n ) = z 05 = an 06 = cri (5.4.70) 

(We also have to consider the assignment with a a and ub interchanged.) 
This gives: 

it \ \i i \m t su k l(<rB)-ko(a A ) , , ■ . , 7 «, M (<ril)-k)(<ri) i 

ki((TA)- [ko{o-A)+ko(aji)\[ (+03 <-> 04 &s noi at£owea)J[ J 

wb — wa z — w 

(5.4.71) 

(As before we are using ua,b to denote oj A B .). 

a"3 cannot be set to a a because o\ = a a- This is why the exchange term 
involving 03 and 4 is not allowed. 

If we interchange A <-> 5 in ( |5.4,71| ) we find 

t / W , / x., / x ir M°^)jo(gg) / , . , ; , ^ ir fci(q-jj).fc (o-j) 

k\\OB)- [ko{(JB)+ko(crii)\[ (+03 «-> 04 «s nor allowea)\\ 

wa — wb z — w 

(5.4.72) 

In the limit a a — > 0_b, 

< ki(a A )ki((TB) >= S^i and ko(<JA) = &o(o".b) = ko(aj) = p and thus 
(|5.4.71Q and ( |5.4.72| ) add up to zero. 
II 



P «-> Z{pi) = W 01 = 0/ 2 = 0/, 0// 

g <-> z(0//) =2: 03 = 0/ /yl 04 = 0// s 

o"5 = vii b &6 = <?ii A (5.4.73) 
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This gives: 



Z A — Zb Z B ~ Za 

+ k 1 (a I ).Ma I ) + k (a n )][ kli ^ 

Z B - ZA ZA- ZB 

(5.4.74) 

We have used the same shorthand notation as in previous examples. Note 
that just as in previous cases interchanging 03 and 04 is not allowed. Note 
also that the two terms do not cancel. They add to give: 

S^(q)q»q u 

-A(p).(p + q) (5.4.75) 

We have weighted it by a factor ^ as in (??). 
The final result is 



_ A{pUp + g) 1 ^ * \i^i\2p. q{e) ( P+q ? ( 5.4. 76) 

Integrals over w and p, q are implicit. 
One Vertex Operator 

Finally we have to consider the assignment where there is only one vertex 
operator and this clearly is singular and needs regularization. We will also 
observe a serious dependence on the prescription. This is not necessarily 
unacceptable. Presumably different prescriptions involve field redefinitions. 
If we impose physical state conditions on the fields these dependences should 
disappear. 



z(a A ) = z A o\ = o A (T 2 = (T 

z(fJ B ) = z B as = a B a4 = aA,cr c 

z(a c ) = z c 05 = <?c ctq = a a, <?b (5.4.77) 

We assign the momentum k to the vertex operator. There are a total of 3! 
ways of assigning labels. So we weight each possibility by ^ . What is given 
above is only one of the possibilities. 
It gives 

ki(<TA)-[ko(^A) + ko(a B ) + k (ac)][ 1 ] 
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M(cF C ).k (<j B ) + ki{a c ).k {aA) , , g 4 ?g s 

Now we take the three points to be equidistant (this is a prescription) and 
this implies that 

ZB ~ ZA = € 

zc ~ zb = e 

z c -ZA = 2e (5.4.79) 

The expression in the second pair of square brackets vanishes and this 
term is zero. The term obtained by interchanging a a and oq also vanishes. 
Similarly the two terms that have 05 = o B also vanish. Thus four of the six 
possibilities give zero. The remaining two are given by the assignment 

z(o A ) = z A ai = a B o 2 = o 
z(o B ) = zb 03 = oa 04 = 

z(a c ) = z c 05 = o c 06 = a a, <?b (5.4.80) 

and the one obtained by interchanging oa and oq in this. This gives: 

t 1 w, , \ . 7 / x , , , M, feiM-*o(fffl) . h{o A ).k Q {o c ) 

ki(o B ).[k (o A ) + k (o B ) + k (o c )\[ 1 J 

ZA — Zb ZA - Zc 

Mjo^.k^OA) | ki{oc)M{eB) . (5 4 81) 

zc-za z c - z B 

Plugging the space time fields and the rest of the factors we get 

^(M^T^J + (=|)][(!) + (5-4-82) 
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-^ZKKK^f^Kyi (5-4.83) 

We have multiplied the answer by Jy as the weight for this term. 

We have thus calculated the contribution from the first term to the the 
equation of motion. 

What is to be noted is that the field Si, 1,1 is present as a result of the 
fact that we did not throw away the singular (normal ordering) pieces. This 
term will be indispensable in defining gauge transformations because there 
will be terms that cannot be assigned to any other field - in fact the presence 
of this term therefore guarantees that a gauge transformation can always be 
defined. 



29 



6 Space-Time Fields and their Transformations 

Now we proceed to define fields. In the first approximation they were defined 
||] by the following equations: 

<k»> = 

<k u 2 > = S% (6.0.1) 

We will define the gauge transformation laws for the space time fields 
by comparing the variations of the loop variable expression with the field 
expression. Thus consider expression (i)in Section 5.4 in both forms: 



A(i) given in ( jTPTD and ( |5~3~f0| ): 



- A(p) . (p + q)iA" (q) | Z —^ | 2M (e) ^ V 2 V^ y - Sft k^iYf j f k ° Y (e) k ° 

(6.0.2) 

B(i) given in ( 5.3.36| ): 



- e^ ko{ub) - ko ^ )[d h 1 {a 1 ).k Q {a 2 )ik 1 {a)Y 2 e i ^ koY (6.0.3) 
Integrals over z, w and p, q, k are implicit in all the above. Thus the integral 

J dzj dw\^^\ 2p - q = J dzF(p,q) (6.0.4) 

F(p, q) is defined only after suitable regularization. The actual evalua- 
tion of this function will be done later. 
Now we consider the variation of B(i): 

SB(i) = [-iX 1 (a)k (a 1 ).k (^)K(a 3 )Y^ (6.0.5) 

-Ui(a)A :i (a 1 ).A ; o(a 2 )i^(c73)y 2 M ]e fco ( <T5 )- fco ^) c5 e i / fcoy 

We convert this to space -time fields : 

8B(i) = [-iA£ 1 (fc)A£(e)*8e i * oY l3 1 

-iAi(p)^(g)(p + g) 2 |i^| 2 M e (f+9) 2 e i(p+9)ryM] 

+ [-iAl 1 {k)k%kt;(e) k °e ikoY Yf (6.0.6) 
-»Ai( 9 ) A£(p)(p + q)"(p + q)»\^^\ 2 P-i(e)& + tf ' e l(p+q) Yf} 
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This is to be compared with SA(i): We will write 

5s^(ky k ° Y = [A^Wkfi + AiMkg + s mt s^} 

5At(p)e ipoY = ^Ai(p)e ip ° y (6.0.7) 

and determine 8i n tS±\ 
We get 

5B(i) = 5 }ree A{i) + 



+ J dpdg5(p+g-A;)[-^.(p+g)Ai(p)^(g)-iA 1 (gK^(p).(p+ 9 )]F(p,g)(e)^ e i ^ Y + 

= 5 free A(i) + 5 mt S^ Y (e) k hl (6.0.8) 
This fixes 8i n tSi\ to be 



kntS^ik) = J dpdq5(p + q - k) [-iAi (p)<fA$(q) - iAi(q)p^ A 1 (p) p ]F(p, q) 

(6.0.9) 

B(ii) 



5B(ii) = -e^^^lX^hiai) 

= -A£ 1 (*to)A£iA#(e)*te*° y 
' dpdq5(p+q-k) J du;A 1 (p)^(g)(po+go)^(po+9o)^|^| 2M (e) (p+9) ^ l(p+9)Y ^ 

- A 2 (k )k 2 ik%(e) k '»Yfe ik ° Y (6.0.10) 

A(ii) (|H) 

A(ii) = -SW )ik (e) k %Y£e ik ° Y 

5S%(k ) = A 2 (k )k% + A^(fco) + (6.0.11) 
<5A(it) = -A 2 (fc )A;oi^(e) fc oV 2 At e ifcoy 
-A^(k )k^(efoe^ Y 

- 6 int S%k%ikZ(efoY£e ikoY (6.0.12) 
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Comparing (|6.0.iq) with ( |6.0.12| ) we find 

6B(ii) = 5A(ii) + 5S^ nt k^(efoY^e tkoY - 

dpdqSip+q-^A^A^ipo+QoTiiPo+qor I dw\ Z -^\ 2 ™ (e)^ 2 e l ^ Y Y» 



(6.0.13) 

From this we conclude that 

Sin t S%(k ) = J dpdqS(p + q - k)h. x (p)A\(q)Ffa ?) (6.0.14) 

Thus we obtain the transformation rules for Sn and S^. Equations (iii) and 
(iv) are clearly consistent with this since they differ only in index structure. 

It is not particularly illuminating to describe in detail the gauge trans- 
formation law for #1,1,1 that one obtains in this manner since the calculation 
is very similar to that of £11. 



7 Consistency of Gauge Transformations and in- 
dependence of Fields 

We examine, in this section, the question of consistency of gauge transfor- 
mations of space-time fields defined in earlier sections. The question arises 
because there are different equations that can be used to define the gauge 
transformation law of Si 1. For instance when one integrates by parts on 
xi, different vertex operators such as Y\ or Y2 are obtained depending on 
whether one differentiates e lk ° Y twice or acts once each on e tk ° Y and e k °' k ° G . 
The dependence onz-rois thus different and one obtains instead of F(p, q) 
(in (|6.0.9| )) some other function, and thus a different transformation law. 

In fact F(p, q) is a function of x n because G(z — w) = ln(z — w) + 0(x n ). 
Thus in principle one can ask what the result of differentiating ( |6.0.9| ) by 
x n is. The RHS of C|6TCL9|) is non-zero on differentiating and one reaches an 
inconsistency unless one assumes that the LHS also is non-zero - i.e. it must 
be a function of x n as well. This leads inexorably to the conclusion that the 
space-time fields such as S\^\ must be functions of x n , Si t i(ko,x n ). 

In the equation defining S ( |5.2,14j ) there is a natural way to introduce 
this dependence, and this is to make the "string field" ^ a function of x n . 
Thus: 

J dk n d\ n k^k\^[k n ,kQ,\ n ,x n } = S^(£;o,Xn) (7.0.1) 
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Since A ra is to lowest order the shift in x n , we can change variables p] to 
y n , defined by 



and replace ( 7,0.1 ) by 

J dk n dy n k^k\^[k n , k ,y n ,x n ] =S , ^(/c ,x n ) (7.0.2) 

Both x n and y n are gauge coordinates. It is necessary therefore to under- 
stand the presence of both of these coordinates in the Our starting point 
is a field ^(X(z), x n + y n ). The breakup of the gauge coordinate into x n + y n 
is similar in spirit to that in the background field method in field theory. 
We treat background or reference point. Now we do a generalized 

Fourier transform using the loop variable and define the variable Y which 
has in it only x n . Thus the relation between the original string field and the 
one we have been using in this paper can be summarized in the following 
way: (We use the symbol ^ for all the fields - the arguments of the fields 
will make clear which field we are referring to) 

$>(X, x n + y n ) = ^(Y n ,x n ,y n ) = J [dk n ]^(k n , x n , y n )e^n k " Y " 

Thus while the original field, is only a function of x n ~\~ywi 

once we define 

the variable Y we have specified a reference point. The space-time fields 



obtained by ( 5.2.14 ) thus depend on this reference point. Gauge invariance 
is the statement that physics is independent of x n -\-y n . In terms of the new 
variables it becomes independence of x n . Thus the k n , y n integrals are in the 
nature of Fourier transformations, whereas the x n integral is an imposition 
of gauge invariance. 



One can also do the integral over k^: 



Note S depends explicitly on x n but also implicitly on x n through Y because 
Y depends on x n and all the derivatives of X(z). Thus S is a non-local 
object in that it depends on all the derivatives of X. To put it another way, 
specifying S requires specifying a curve X(z), because no two curves will 
produce the same value for S for all x n . 

Thus the dependence on the infinite number of x n coordinates effectively 
makes S non-local in z and therefore X(z). Of course the relevant scale here 
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is the string scale so at low energies one can neglect the higher derivatives 
and effectively S becomes an ordinary local field. It is also possible to 
redefine fields so that this non-locality disappears |15| ], 

Note also that x n being along gauge directions we can fix gauge and set 
them to some fixed value. So there is no increase in the number of physical 
degrees of freedom. This is a desirable feature. 



8 Conclusions 

We have described a general construction that gives gauge invariant equa- 
tions of motion, the gauge transformation prescription (in terms of loop 
variables) being the same as in II. This method was outlined in III but 
many of the details had not been worked out. One of the problems that was 
left unsolved was whether the map from loop variables to space time fields 
is unambiguous. In particular it was not obvious that there was a map that 
correctly reproduced the gauge transformations. The results of the present 
paper indicate that it is indeed possible to define space time fields and their 
gauge transformations consistently. There are two crucial ingredients. One 
is that one has to carefully keep all the singular terms that are normally 
discarded by "normal ordering". We have to keep a finite cutoff in order 
for this procedure to make sense. This is not unexpected - we already know 
that in order to define off-shell Green functions in this approach, one needs 



a finite cutoff [19, 21, [22j] . As shown in [13|, even U(l) gauge invar iance of 
the massless vector is violated when a finite cutoff is introduced in order to 
go off-shell, and one needs to introduce massive modes to restore gauge in- 
variance. In the loop variable formalism all the modes are present from the 
start and there is no problem. Gauge invariance is present, on or off-shell. 
However the exact value of the Koba-Nielsen integral will depend on the 
cutoff prescription. Presumably these are equivalent to field redefinitions 
(of the space time fields) . 

The second ingredient is that the string-field VP and thus the space- 
time fields are functions of the gauge coordinates x n . This is crucial for 
consistency of the definitions of gauge transformations. Thus effectively 
"space-time" has become infinite dimensional! 

At this stage we have a non-trivial interacting theory with an infinite 
tower of higher spin gauge fields and a large gauge invariance. By construc- 
tion these modes are essentially those of the open bosonic string (including 

6 "essentially" because of a technicality that is discussed in I 
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the auxiliary ones). Nevertheless we have not proved that the amplitudes 
of this theory are those of the bosonic string. We have to demonstrate that 
the procedure of "dimensional reduction" that worked for the free case goes 
through here also i.e. without loss to gauge invariance. If this works out 
then we are guaranteed that the on-shell amplitudes are those governed by 
the bosonic string simply because the two dimensional correlators that are 
being calculated here are identical to those of the bosonic string amplitude 



calculation. There are arguments that this is in fact the case [15|. Fur- 
thermore as the gauge invariance does not use any on-shell conditions, these 
amplitudes are guaranteed to be gauge invariant off-shell also. Thus we have 
an off shell formulation. Further tests of the consistency of this will involve 
checking loop amplitudes. This is work for the future. 

The main advantages are that the prescription for writing down the equa- 
tions and gauge transformation laws are fairly straightforward. The gauge 
transformations written in terms of loop variables seem to have some geo- 
metric meaning - they look like local scale transformations. The interactions 
look as if they have the effect of converting a string to a membrane. The 
fields also appear massless in one higher dimension. These are intriguing 
features. |L7|, [R], [L8|] Finally, assuming the above issues are resolved sat- 
isfactorily, one has to see whether this formalism provides any insight into 
the various other issues that have become pressing in string theory, such as 



duality. Some of the structure observed in |14J may be relevant for this. 
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A Appendix: Covariant Taylor Expansion 

We derive the covariant Taylor expansion for S(z(o"i), 2(02), 01, 02). We 
first derive a Taylor expansion for Y{z) and then use it to obtain a Taylor 
expansion for S. 

A.l Taylor Expansion for Y 

Ordinary Taylor expansion gives, 



dY a 2 d 2 Y 
Y = 2 a n Y n (A.2) 



y(, + a) = y W + «_ + T - ssr + ... (A.1) 



n>0 
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where Y n = j^^ ^r and a n satisfy Q 



OLr 



n>0 

da n 
dx m 

dY ~ ^ 

= *1 + 2^ n «n^n+l , 
n=l 

= Y 1 + ]Tnx n — — y . (A.3) 



n=l 



In the above we have used Sri[ nx ng|-]«m = ™*r 



Differentiating (|A.3j) gives 



— - Y + V nx 9 ( dY ' 
dz 2 2 ^ n dx n+ i dz' 



Plugging in (|A.3|) 



Y 2 + > ra n - (Yi + > mi m - 

n=l m=l "' 1 



^ nt- <9 y / dY~ . . . 
— = y 2 + V nmx n x m - h > m(m - l)x m _i- (A.4) 

"2 i OX n+m+ o „ OX m+ i 

n,m=l n-rm-rA m =2 m-rx 

Adding (|A.2D , (|A.3|) , ([A.4|) gives the first few terms of a Taylor series, ex- 
cept that we would like to express Yi in terms of Y n in order to make the 
expression covariant. 

Y in terms of Y: 

We first write 

a(t)d z X(z + t)= t m - n a n Y m+l (A.5) 

n,m>0 

Let f3(t) = J2p>oPp t ~ p - Let us evaluate / f(3(t)a(t)d z X(z + t). 



I j(3(t)a(t)d z X(z + t)= YI {3 P UnY m+ i 

n,p,m=n+p 
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8 

m,p>0 



^ Pp-K «m+l4+l 



So 

/ ^0(t)a(t)d z X(z + t) = ]T PpT^—Y ( A - 6 ) 
J t ox p+ i 

Let us choose having the property (5{t)a(t) = t~ s ; s > and call it 
/5 s (t) with the expansion 

p>s 

Then ( |A.6| ) will become 

p>s 

Thus if we determine (3p we obtain the required expansion. 
To determine /?* we note that 

(3 s p t~P = (3 s (t) =t- s a - 1 (t) 

n>0 P>s 

9 

"0(-x s ) ap( Xn ' tj 

= a p _ s (-x n ) = (A.8) 

/5o° = l 
ft = -xi 

$5 = — + x 2^i - x 3 

D 

Therefore 

y 1 = y 1 -x 1 y 2 + (^-x 2 )y 3 + ... (A.9) 



This gives 

<9a p 
dx s 

Thus for instance 
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It is easy to see that 

8 s = 3° 

and so all the coefficients are easily determined. 
Similarly 

d 

8 s = -8 s 



dx n 

Using this it is easy to see that 

d 



dx n 



Y s 



as it should be. 

Using the above results one obtains 



dz ^ OX n 

= J2($ + rx r )Y r+1 



r>0 



= EtX+i (A.10) 



r>0 

Using the fact that dx dx Y = dx ° + Y one can easily verify that 
73—^75 — 7r~ = 75-^ — tt" • This is as it should be because the operations of 

OXnOXm dz OXn + m dz 1 

differentiating w.r.t. z and w.r.t x n commute. 
A. 2 Taylor Expansion of £ 

We now use this to obtain the covariant expansion of £. £ was defined in 
section III 

t( Zl ,z 2 ) = jduu){u) < d u X(u)Y(v - a) >< d u X(u)Y'(v + a) > (A.ll) 

where z 2 — Z\ = 2a and z\ + z 2 = 2u and the contour encircles both points. 
We will call the gauge coordinates x n at z\ and y n at zi- The prime on Y 
indicates indicates that it is a function of y n . 

We will use the shorthand notation < Y(v — a)Y'(v + a) > for the above 
definition of S. Thus we have the following Taylor expansion for S: 

< y> - a)y'(« + a) >=< (1» - + i-^r + ...) 
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.,„, , d\" a 2 d 2 Y' 

Plugging in the Taylor expansions for Y that has been derived in this Ap- 
pendix we get 

(A.12) 

Here as before T,(z,x n ,y n ) = E(z,x n , z,y n ) 
This is what has been used in section VI. 
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